12080CHO7

INTEGRALS

% Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL +

7.1 Introduction

Differential Calculus is centred on the concept of the
derivative. The original motivation for the derivative was
the problem of defining tangent lines to the graphs of
functions and calculating the slope of such lines. Integral
Calculus is motivated by the problem of defining and
calculating the area of the region bounded by the graph of
the functions.

If a function f is differentiable in an interval I, i.e., its
derivative f “exists at each point of I, then a natural question
arises that given fat each point of I, can we determine
the function? The functions that could possibly have given
function as a derivative are called anti derivatives (or G .W. Leibnitz
primitive) of the function. Further, the formula that gives (1646 -1716)
all these anti derivatives is called the indefinite integral of the function and such
process of finding anti derivatives is called integration. Such type of problems arise in
many practical situations. For instance, if we know the instantaneous velocity of an
object at any instant, then there arises a natural question, i.e., can we determine the
position of the object at any instant? There are several such practical and theoretical
situations where the process of integration is involved. The development of integral
calculus arises out of the efforts of solving the problems of the following types:

(a) the problem of finding a function whenever its derivative is given,

(b) the problem of finding the area bounded by the graph of a function under certain
conditions.

These two problems lead to the two forms of the integrals, e.g., indefinite and
definite integrals, which together constitute the Integral Calculus.
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There is a connection, known as the Fundamental Theorem of Calculus, between
indefinite integral and definite integral which makes the definite integral as a practical
tool for science and engineering. The definite integral is also used to solve many interesting
problems from various disciplines like economics, finance and probability.

In this Chapter, we shall confine ourselves to the study of indefinite and definite
integrals and their elementary properties including some techniques of integration.

7.2 Integration as an Inverse Process of Differentiation

Integration is the inverse process of differentiation. Instead of differentiating a function,
we are given the derivative of a function and asked to find its primitive, i.e., the original
function. Such a process is called integration or anti differentiation.

Let us consider the following examples:

d .
We know that d—(sm X) =cos x .. (1)
X
d x°
—(—) =x? .. 2
dx( 3 ) =x (2)
d
and —(e")=¢* .. 3
dx

We observe that in (1), the function cos x is the derived function of sin x. We say
3
X
that sin x is an anti derivative (or an integral) of cos x. Similarly, in (2) and (3), ? and

e* are the anti derivatives (or integrals) of x* and e*, respectively. Again, we note that
for any real number C, treated as constant function, its derivative is zero and hence, we
can write (1), (2) and (3) as follows :
3
i(sinx+C):cosx, i(x—+C)=x2and i(e" +C)=¢"
dx dx dx
Thus, anti derivatives (or integrals) of the above cited functions are not unique.

Actually, there exist infinitely many anti derivatives of each of these functions which
can be obtained by choosing C arbitrarily from the set of real numbers. For this reason
C is customarily referred to as arbitrary constant. In fact, C is the parameter by
varying which one gets different anti derivatives (or integrals) of the given function.

) . ) d .
More generally, if there is a function F such that o F(x)=f x), v x e I (interval),

then for any arbitrary real number C, (also called constant of integration)

i[F(x)+c] =f(x),xe 1
dx
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Thus, {F + C, C € R} denotes a family of anti derivatives of f.

Remark Functions with same derivatives differ by a constant. To show this, let g and &
be two functions having the same derivatives on an interval 1.

Consider the function f= g — h defined by f(x) = g(x) — h(x), yx e |

d
Then a’_{c =f'=g —hgiving f(x) =g’ x) - (x) vxel
or f7(x) = 0, ¥ x € I by hypothesis,

i.e., the rate of change of f with respect to x is zero on I and hence f'is constant.

In view of the above remark, it is justified to infer that the family {F + C, C € R}
provides all possible anti derivatives of f.

We introduce a new symbol, namely, I f(x) dx which will represent the entire

class of anti derivatives read as the indefinite integral of f with respect to x.
Symbolically, we write [ f(x) dx=F (x) +C.

Lo dy .
Notation Given that T f (), we write y = I f @) dx.

For the sake of convenience, we mention below the following symbols/terms/phrases
with their meanings as given in the Table (7.1).

Table 7.1

Symbols/Terms/Phrases Meaning

_[f (x) dx Integral of f with respect to x

f(x) in J- f(x)dx Integrand

x in _[f (x) dx Variable of integration

Integrate Find the integral

An integral of f A function F such that
Fx)=fx

Integration The process of finding the integral

Constant of Integration Any real number C, considered as
constant function
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We already know the formulae for the derivatives of many important functions.
From these formulae, we can write down immediately the corresponding formulae
(referred to as standard formulae) for the integrals of these functions, as listed below
which will be used to find integrals of other functions.

Derivatives Integrals (Anti derivatives)
d anrl n xn+l
. e =X . n = —_
) dx[n+lJ ; jx dx n+1+C,n¢ 1
Particularly, we note that
d
()=t [dx=x+C
x
Lood o
(ii) d—(smx):cosx; jcosxdx—smx+C
x
L. d :
(iii) E(—cosx):smx : J-smxdx——cosx+C
. d 2
(iv) d—(tan x)=sec’x ; Isec xdx=tan x+C
x
d 2
v) d—(—cotx):cosec XY jcosec xdx=-cotx+C
x
o d
i) E(secx):secxtanx : Isecxtanxdx—secx+C
(vii) E(—cosec x)=cosec xcot x ; j osec x cot x dx =— cosec x + C
—(sin_1 x): ! . I =sin"' x+C
d ) 1 dx .
.. —|=cos  x)= . =—cos x+C
(IX) dx( ) 1_x2 ) I’l—x2
d 1 1 dx 1
—(tan™ x)= . =tan" x+C
x) dx( ) 1+ x> J.1+xz
d
(xi) d—(ex =e" Iexdxzex+C
x
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(xii) i(loz%"?f'):l; Jldx=log|xI+C
dx X X
d ax ax
ey — . xd _ +C
(xiii) dx [log aJ ‘s Ia . log a

In practice, we normally do not mention the interval over which the various
functions are defined. However, in any specific problem one has to keep it in mind.

7.2.1 Some properties of indefinite integral
In this sub section, we shall derive some properties of indefinite integrals.
(D The process of differentiation and integration are inverses of each other in the
sense of the following results :

d
—Jreax =

and If "(x) dx = f(x) + C, where C is any arbitrary constant.

Proof Let F be any anti derivative of f, i.e.,

d
E F(.X) =f(.X)
Then _[f(x) dx =F(x) + C
d d
Therefore e jf(x) dx = e (F)+C)
d
= Fx)=f(x)

Similarly, we note that
d
f=—s/x
dx

and hence _[f ‘@) dx =f(x)+C

where C is arbitrary constant called constant of integration.

(II) Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent.
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Proof Let f and g be two functions such that

d d
Ejf(x) dx = Ejg (x) dx

or %Uf(x) dx [ g @) dx] =0

Hence _[f (x) dx — jg (x) dx= C, where C is any real number
or [fodr = [gwdx+C

So the families of curves {[ f(x) dx+C,, C, e R}

and {Ig(x) dx+C,,C,e R} are identical.

Hence, in this sense, I f(x) dx and j g(x) dx are equivalent.

(Why?)

without mentioning the parameter.

|@= Note|The equivalence of the families {J.f(x) dx+C,,C e R} and

{I g dx+C,,Cy e R} is customarily expressed by writing _[ f(x)dx= J g(x) dx,

A [[f@)+g@]dx={f@) dx+ g0 dx
Proof By Property (I), we have

d
I+ g@ide] = + g
On the otherhand, we find that
4 Uf(x) dr+ [ g () dx] _4 [ rd+ 4 [g00ax
dx dx dx

=f(x) + g )
Thus, in view of Property (II), it follows by (1) and (2) that

I(f(x)+ g(x)) dx= If(x) dx+Ig(x) dx .

(IV) For any real number %, _[k f)de=k I f(x) dx
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Proof By the Property (I), dijk fx)dx=k f(x).
X

Also %[k [re dx] = k%jf(x) dx=k f(x)

Therefore, using the Property (II), we have _[k fx)dx=k I fx)dx.

231

(V) Properties (II) and (IV) can be generalised to a finite number of functions

fs fy» - [, and the real numbers, k, k,, ..., k giving

([l fi ) +hep fo () ke f, ()] dx

= k[0 dx+ky [ £ (@) dx+..+k, [ £, () dx.

To find an anti derivative of a given function, we search intuitively for a function
whose derivative is the given function. The search for the requisite function for finding
an anti derivative is known as integration by the method of inspection. We illustrate it

through some examples.

Example 1 Write an anti derivative for each of the following functions using the

method of inspection:

1
(i) cos 2x () 3x* + 4x° (iii) e =0

Solution

(1) We look for a function whose derivative is cos 2x. Recall that

E sin 2x = 2 cos 2x

L i(l sin 2xj
or cos 2x = > i (sin 2x) = 2

1.
Therefore, an anti derivative of cos 2x is E sin 2x
(i) We look for a function whose derivative is 3x? + 4x°. Note that
d (3, 4
— (X7 +x7 ) =352 + 44,
()

Therefore, an anti derivative of 3x% + 4x* is x* + x*.
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(i) We know that
i(log x)=l,x> Oandi[log(—x)]zL(—l) =l,x< 0
dx X dx —X X

Combining above, we get 4 (10g|X|) = l x#0
dx X

1
Therefore, _[— dx =log x| is one of the anti derivatives of —
X X

Example 2 Find the following integrals:

-1 2 E
(1) J'xxz dx (i1) j(x3 +1) dx (iii) J-(xz +2¢ *;)dx

Solution
(1) We have

IX3 ;1 dx = Ix dx — J‘xfz dx (by Property V)
x

1+1 -2+1
X X _ _
= [ + C1J *[ + Cz]; C,, C, are constants of integration

1+1 -2+41
2 -1 2
X X x° 1
=—+C—-C, ==+ -_+(C,-C
2 1 -1 2 2 x 1 2
2
= > +—+1C, where C = C, - C, is another constant of integration.
X

From now onwards, we shall write only one constant of integration in the
final answer.

(i) We have
2

J(xg +1)dx= jx§ dx + jdx

3 3 5
= +X+C:_X3+x+c
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(i) We have I(x; +2¢" —i)dx=‘|‘x; dx+j2ex dx — J‘idx

é+1

x2
= —+2e" —log|x+C
—+1

[\

5
x5+26“‘—log|x|+C

(RN )

Example 3 Find the following integrals:
@) I(sin X +cos x) dx (i1) Icosec x (cosec x + cot x) dx
J-l —sin x
(i) cos® x

Solution
(1) We have

I(sin X +cos x) dxzjsin X dx + Icos xdx

dx

= —cosx+sinx+C
(i) We have

j(cosec x (cosec x + cot x) dx = Jcoseczx dx + Icosec x cot x dx

= —cot x —cosec x+C

(i) We have
1—sin x 1 sin x
dx = dx — dx
I cos’x J‘coszx J‘coszx

= Iseczx dx — Jtan X sec x dx

=tanx—sec x+C
Example 4 Find the anti derivative F of fdefined by f (x) = 4x* — 6, where F (0) = 3
Solution One anti derivative of f (x) is x* — 6x since

i(x4 —6x) =4x3 -6
dx

Therefore, the anti derivative F is given by

F(x) = x* — 6x + C, where C is constant.
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Given that F(0) = 3, which gives,
3=0-6x0+C or C=3

Hence, the required anti derivative is the unique function F defined by
F(x) =x* — 6x + 3.
Remarks

(1) We see that if F is an anti derivative of f, then so is F + C, where C is any
constant. Thus, if we know one anti derivative F of a function f, we can write
down an infinite number of anti derivatives of f by adding any constant to F
expressed by F(x) + C, C € R. In applications, it is often necessary to satisfy an
additional condition which then determines a specific value of C giving unique
anti derivative of the given function.

(i) Sometimes, F is not expressible in terms of elementary functions viz., polynomial,
logarithmic, exponential, trigonometric functions and their inverses etc. We are

therefore blocked for finding _[ f(x) dx . For example, it is not possible to find

—_ 2 . . . . . . . . —_ 2
Ie * dx by inspection since we can not find a function whose derivative is e *

(i) When the variable of integration is denoted by a variable other than x, the integral
formulae are modified accordingly. For instance

4 y4 +1 1 S
dy= +C==-y"+C
-[ y 4+1 5 Y
|EXERCISE 7.1
Find an anti derivative (or integral) of the following functions by the method of inspection.
1. sin2x 2. cos 3x 3. e*
4. (ax + b)? 5. sin 2x — 4 &%

Find the following integrals in Exercises 6 to 20:

1
6. [@er+1)dx 7. [FU-=dr 8 [@d +bxto)de
X

2 3 2
5x% -4
9. [@x?+ehyax 0. j(&—lj a1, [ 20"

Jx X

P 43x+4 R
12. j%dx 13. j%dxm. Ja-0Vxar
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15. I\/;(3x2+2x+3)dx 16. J(Zx—3005x+ex)dx

17. I(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2
sec” x 2 —3sin x
——dx il

19. Icosecz . 20. I o x dx.

Choose the correct answer in Exercises 21 and 22.

1
21. The anti derivative of [\/; +—j equals
Jx

1 1 2

(A) %x3+2x2+C (B) §x3+%x2+c
I 33 11
©) §x2+2x2+C (D) Ex2+5x2+C

d 3
22. 1 — f(x)=4x" == such that f(2) = 0. Then f(x) is
X X

. 1 129 s 1 129
B Ty B ATy
C x4+i+g D x3+i_g
© R (D) ¥ +—3-—

7.3 Methods of Integration

In previous section, we discussed integrals of those functions which were readily
obtainable from derivatives of some functions. It was based on inspection, i.e., on the
search of a function F whose derivative is f which led us to the integral of f. However,
this method, which depends on inspection, is not very suitable for many functions.
Hence, we need to develop additional techniques or methods for finding the integrals
by reducing them into standard forms. Prominent among them are methods based on:

1. Integration by Substitution
2. Integration using Partial Fractions
3. Integration by Parts

7.3.1 Integration by substitution
In this section, we consider the method of integration by substitution.

The given integral _[f (x) dx can be transformed into another form by changing

the independent variable x to # by substituting x = g (¢).

Reprint 2024-25



236 MATHEMATICS
Consider I= I f(x)dx

dx
Put x = g(¢) so that o g@).
We write dx = g'(t) dt

Thus 1= [f0de=]f(g®) g'@)di

This change of variable formula is one of the important tools available to us in the
name of integration by substitution. It is often important to guess what will be the useful
substitution. Usually, we make a substitution for a function whose derivative also occurs
in the integrand as illustrated in the following examples.

Example 5 Integrate the following functions w.r.t. x:

(1) sinmx (i) 2xsin x>+ 1)

tan* \/x sec” +/x ] sin (tan~ ' x)
(iii) NP vy = 2
Solution

(1) We know that derivative of mx is m. Thus, we make the substitution
mx =t so that mdx = dt.

. 1. 1
Therefore, Jsm mx dx:—jsm tdt = — lcos t+C =— —cos mx+ C
m m m

(ii) Derivative of x> + 1 is 2x. Thus, we use the substitution x> + 1 = ¢ so that
2x dx = dt.

Therefore, _[2x sin (x> +1) dx=_[sin tdt = —cost+C =—cos (@ + 1)+ C

1

1 -5 1
(iii) Derivative of [y is T 2 _

2x

dx =dt giving dx = 2t dt.

. Thus, we use the substitution

\/;=t so that

]
2Jx

4 2 4 2

tan «/; sec \/; 2ttan”"t sec”t dt

Thus, _[ dx = j— =2 Itan4t sec’t dr
Jx t

Again, we make another substitution tan ¢ = u so that sec? t dt = du
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5
Therefore, 2 Itan4t sec’tdr=2 Iu4 du = 2 u? +C

2 .
r tan’ 1 + C (since u = tan 1)

= %tan5 x+C (sincet:\/;)

4 2
Hence, J-tan «/;\/s_ec \/; dx
X

%tansx/;+C

Alternatively, make the substitution tan\/; =t

(iv) Derivative of tan™'x=

. Thus, we use the substitution

1+x
tan™' x = ¢ so that 5> =dt.
1+x
sin (tan_lx) .
Therefore , '[1—2 dx = jsm tdt = —cost+C=—-cos(tanx) + C
+ X

Now, we discuss some important integrals involving trigonometric functions and
their standard integrals using substitution technique. These will be used later without
reference.

@) Itan xdx = log|sec x| +C

We have
Itan xdxzj sin x dx
CoS X
Put cos x =t so that sin x dx = — dt
Then Jtanxdx:—j%:—logm+C:—log|cos x|+C
or Itanxdx=log|sec x|+C

(ii) Icot xdx = log|sinx | +C

coSs X
dx

We have Icot x dx =I .
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Put sin x = ¢ so that cos x dx = dt
dt
Then Jcotxdxij = log|f|+C = log|sin x|+ C

(iii) jsecxdx=log|secx+tanx|+C

We have
sec x (sec x + tan x
( ) dr

Isecxdxzj
sec x +tan x

Put sec x + tan x = ¢ so that sec x (tan x + sec x) dx = dt
dt
Therefore, jsec xdx= JT =log | t | +C=log |sec x+tan x|+ C
(iv) Icosec x dx =log |c0sec x —cot x| +C

We have
cosec x(cosec x + cot x) d
X

cosec x dx =
I I (cosec x + cot x)

Put cosec x + cot x = ¢ so that — cosec x (cosec x + cot x) dx = dt

So jcosecx dx=_[%=10g|t|=—log|cosecx+cotx|+C

|C0SCC2 X — CO'[2 X|

—log +C

| cosec x —cot x |
= log |c0sec x —cot x| +C

Example 6 Find the following integrals:

. .3 2 .. sin x 1
sin” x cos” x dx —dx —dx
0 I g * (i1) I sin (x + a) (it I 1+ tan x
Solution
(1) We have

Isin3 x cos’x dx = Isinz x cos’x (sin x) dx
= I(l — cos’x) cos’x (sin x) dx

Put £ = cos x so that df = — sin x dx
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Therefore, Jsinzx cos’x (sin x) dx = — J(l — )¢ dt

|
—
—~
~
)
|
~
~
N
QU
~
|
VR
L»Jl“w
|
LIIlNu‘
N—
+
@

Il

I

|
(@]
o
7]
=
+

|
(@]
o
7]
-
+
(@!

(i1)) Put x + a = t. Then dx = dt. Therefore

_[ sin x dx J‘sm (=
sin (x+ a) sin ¢

dt

J-sintcosa—costsina

sin ¢

cos a Idt— sin a Icotta’t

(cosa)t—(sin a) [log |sin t| + Cl]

(cosa) (x+a)—(sin a) [log |sin (x+ a)| + C1]
= xcosa+acosa—(sin a)log |sin (x+ a)| -C;sina

sin x

Hence, J. X = x cos a—sin a log Isin (x + a)l + C,

sin (x + a)
where, C =~ C, sina + acos a, is another arbitrary constant.

J- J- cos x dx
(iif) 1+ tan x COS X +sIn x

(cos x + sin x + cos x — sin x) dx

-2 COS X +sin x

_ ljdx+lj cosx—s%nxdx
2 COS X +sin x

J-cosx—smx

- (1)

COS X +SIn x
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Now, consider 1= I

COS X —sIn x

dx

COS X +sin x

Put cos x + sin x = ¢ so that (cos x — sin x) dx = dt

Therefore

Putting it in (1), we get

I=j%=log|t|+€2: log |cos x + sin x|+ C,

dx x C 1 . C,
I =—+—+—10g|cosx+smx|+—
I+tanx 2 2 2 2
x 1 . C G,
= —+—log|cos X +sin x|+—+—
2 2 2 2
= £+llog|cos X+ sin x|+C, C=&+&
2 2 2 2
|[EXERCISE 7.2 |
Integrate the functions in Exercises 1 to 37:
2x (log x)°
. 5 2, ——
1+x X
4. sin x sin (cos x) 5. sin (ax+b) cos (ax +b)
6. Jax+b 7. xJx+2 8.
1
9. (4x+2)yx’ +x+1 10. "0 11.
1 x>
3 1V3 49
12. (x =-1)°x 13. 2+30) 14.
15 z 16. p2x+3 17
T 94y’ C e ’
etcm’lx 2x _1
18. 5 19. — 20.
I+x T+
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21. tan®> (2x - 3)

2cos x — 3sin x

24. 6c0os x + 4sin x

27. 4/sin 2x cos 2x

sin x

30. 1+ cos x
1
33. 1—tan x
6. (x+1) (x+log x)*
X

31.

34.

37.

. sec? (7 — 4x) 23.

INTEGRALS

1 cos /x

cos’x (1 - tan x)* 26. Jx

COS X

. m 29. cot x log sin x

sin x 1
(14 cos x)° 32 Ticotx
\/tan x (1+1log x)°
sin x cos x 33 X

x’sin (tan‘1x4)

1+

Choose the correct answer in Exercises 38 and 39.

9 X
38. J-le +10" log, 10 dx

x'*+10"

(A) 10F=x'*+C
(©) (10F =x'9"'+C

dx

——————equals

39. I sin® x cos® x a
(A) tanx+cotx+ C

(C) tanxcotx+ C

equals

B) 100+ x"°+C
(D) log (10° + x') + C

(B) tan x —cotx + C
(D) tan x — cot 2x + C

7.3.2 Integration using trigonometric identities

241

When the integrand involves some trigonometric functions, we use some known identities
to find the integral as illustrated through the following example.

Example 7 Find () [cos®xdx (i) [sin 2xcos 3xdx (i) [sinxdx
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Solution
(i) Recall the identity cos 2x = 2 cos? x — 1, which gives
1+ cos2x
cos’x=———
2
Therefore ICOSZX dx = lJ‘(l + COS Z.X') dx = l de + l JCOS 2x dx
’ 2 2 2
ESNE RS e
2 4
(i) Recall the identity sin x cos y = E [sin (x + y) + sin (x — y)] (Why?)
. 1 ) .
Then Jsm 2xcos3xdx = 3 Usm 5x dx —jsm X dx]
1 1
= —|—-—cosS5x+cosx |+C
21 5
= —i0035x+lcos x+C
(iii) From the identity sin 3x = 3 sin x — 4 sin’x, we find that

3sin x —sin 3x

ih3y —
Sin"x =
4

.3 3. 1.
Therefore, J‘sm xdx = stm xdx— Z jsm 3x dx

= —gcos x+icos3x+C

Alternatively, Isin3x dx = jsinzx sin x dx = I(l — cos’x) sin x dx

Put cos x = ¢ so that — sin x dx = dt
3

Therefore, Isin3xdx = —j(l—tz)dt = —Jdt +jt2 dt=—t+%+C

1
= —cosx+§cos3x+C

Remarlk It can be shown using trigonometric identities that both answers are equivalent.
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EXERCISE 7.3

Find the integrals of the functions in Exercises 1 to 22:

1. sin>(2x+5) 2. sin 3x cos 4x 3.
4. siP 2x+ 1) 5. sin’® x cos® x 6.
) ) 1-cosx
7. sin4x sin 8x 8. ——/—/ 9.
1+ cos x
10. sin*x 11. cos* 2x 12.
- COS X —sin x
13. cos 2x — cos 2« 14. 15.

COS X — COS & 1+sin 2x

sin® x + cos® x

16. tan'x 17. — 5 18.
sin” x cos” x
1 cos 2x
9. ——— 20, —=" o 2.
sin x cos’x (cos x +sin x)
1

cos (x —a)cos (x —b)
Choose the correct answer in Exercises 23 and 24.
dx is equal to

2

sin” x —cos” x
23. ,[2—
sin” x cos” x

(A) tanx + cotx + C
(C) —tanx + cotx + C

24, e (1+x)
J’cosz (e*x)
(A) —cot (ex”) + C
(C) tan (¢) + C

dx equals

7.4 Integrals of Some Particular Functions

INTEGRALS

cos 2x cos 4x cos 6x
sin x sin 2x sin 3x

COS X
1+ cos x

sin? x
14+ cos x

tan® 2x sec 2x

cos 2x + 2sin’x

COS2 X

sin ! (cos x)

(B) tan x + cosec x + C
(D) tanx + sec x + C

(B) tan (xe¥) + C
(D) cot () + C

243

In this section, we mention below some important formulae of integrals and apply them

for integrating many other related standard integrals:

) J- dx 1 xX-a

+C

=—-7I]o
x*-a* 2a 8

X+a
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dx 1 a+x
2 =—-1Io +C
2) J‘az—xz 2a ga—x
dx 1, _,x
=—tan  —+C
3) J‘x2+az a a

x+\jx2 —a2

+C

@ [+ 1o
Jx? -a?
(5) I\/i—sm X

dx

© I

We now prove the above results:

x+Vx2+a®

+C

1 1
(1) We have Codk (x—a)(x+a)

1| a+a)—(x-a) _L[ 11 }
~ 2a (x—a)(x+a) " 2alx-a x+a

Therefore, J‘xzd_xaz S Zla D xdxa ~ J-x - a}

= Zi[10g|(x—a)|—10g|(x+a)l]+C
a

—a
+C
X+a

L el®
2a g

(2) In view of (1) above, we have

1 :i (a+x)+(a—x) 1 1 1
a’—x* 2a| (a+x)(a—x) :Z{a—x+a+x}
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Theref J‘ dx _LD- dx +J- dx}
eretore, at—x* " 2al'a-x JYa+x

= i[—logla—xl+10g|a+x|]+C
2a

1
- —1lo
2a g

a+x
+C

a—x

The technique used in (1) will be explained in Section 7.5.

(3) Put x = a tan 6. Then dx = a sec® 0 d6.

asec’ 0.do

a’ tan’0+a’

Therefore, Ixz C_Z:Caz = J.

=1j@=1e+c=lmn*f+c
a a a a
(4) Let x =a secO. Then dx = a secO tan6 d6.

a secH tan6 dO
\/ a’ sec’0 —a?
Isece db =log |sece + tan6| + C,

Therefore _[
' \/ x*—a®

=log|—+,/—-1[+C,

= log| x+x* —a’ —log|a|+C1

= log| x+vx* —d® +C, whereC=C, —loglal

(5) Let x=a sinB. Then dx = a cos6 d6.

a coso do

Therefore, J \/ 2d al _[ \/
a* —x*

—a’sin%0

=jw=e+C=mm*f+c
a

(6) Let x =a tan0. Then dx = a sec?*0 do.

a sec’0 do

Therefore, _[ m .[ m

= Isece db =log |(sece + tan6)| +C,
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log| —+ EE

log|x +vVx* +d° —logla|+C,

log |x + x> +a*|+C, where C = C, - log |a|

Applying these standard formulae, we now obtain some more formulae which
are useful from applications point of view and can be applied directly to evaluate
other integrals.

dx

To find the integral Im we write
i {2 b c} ( bT c b
ax*+bxtc=a| X +—x+—|=a|| Xt —| +| ———
a a 2a a 4a
b c ’
Now, put x+2——tso that dx = dt and writing —*4—=_k We find the
a a

dt c b
integral reduced to the form — _[ e depending upon the sign of [a 44> J

and hence can be evaluated.

To find the integral of the type _[ proceeding as in (7), we

dx
Nax’ +bx+c¢ ’
obtain the integral using the standard formulae.
px+q
ax* +bx+c
constants, we are to find real numbers A, B such that

To find the integral of the type dx  where p, q, a, b, ¢ are
d >

pX+6]:Ad—(ax +bx+c)+B=A (2ax+b)+B
X

To determine A and B, we equate from both sides the coefficients of x and the
constant terms. A and B are thus obtained and hence the integral is reduced to
one of the known forms.
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(px+gq)dx

, we proceed
Nax* +bx+c

as in (9) and transform the integral into known standard forms.

(10) For the evaluation of the integral of the type _[

Let us illustrate the above methods by some examples.

Example 8 Find the following integrals:

.J‘dx J- dx
N s i | =

Solution

dx dx 1 x—4
i) We have = = —log|——|+C [by7.4(1
® e e lee =5 g‘x+4 [oy 7.4 (L]

dx

J¢@ﬁ

Put x — 1 =¢. Then dx = dt.

. dx
m)jhkﬁ=

dt N
Therefore, _[ \/Zx—xz _[ \/l—tz =sin”' ©)+C [by 7.4 (5)]

=sin ' (x=1)+C

Example 9 Find the following integrals :

I . I dx . L_Jﬁ__
@ Toxr13 W30 WY e o

Solution
(i) Wehave > —=6x +13=x>-6x+3>-3>+13=(x-3)>+4

dx 1
So, —_ = | ——————dx
? Ix2—6x+13 I(x_3)2+22
Let x—3 =t Then dx = dt
dx dt 1.t
= =—tan  —+C
Therefore, Ixz— 6x+13 It2+ 25 > [by 7.4 (3)]
=ltan_1x_3+C

2
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(i) The given integral is of the form 7.4 (7). We write the denominator of the integrand,

13x 10
2 10 = 3| P ———
3x"+13x-10 ( 3 3)
13y (17Y
=3 x +F e (completing the square)
ST p— 1 &
S P Y
B B0 T3 ( sz F7T
x+—| - —
6 6
13
Put x+€=t. Then dx = dt.
Theref — [
erefore, =3
3x* +13x-10 3

2
t2 (1‘j
6

17
f——
1 6 .
= log +C, [by 7.4 (i)]
17 17
3X2X— t+—
6 6
1317
6 6
= —log +C,
17 +1§+1Z
6 6
ERE N d )
17 6x+30
1 3x-2 1 1
= —1Ilo +C, +—log —
17 % x5 | 17 83
1 3x-2 1 1
= —Ilo +C —C +—1log—
17 g 15 , where C 17 0g3
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i) We h _[ dx _I dx
iii e have =
\/5x2—2x \/5[ 2 2xj
o2t
5
1 dx )
= —5 B > (completing the square)
1 1
\/( ) 5) s
1
Put x—g=t. Then dx = dt.
Theref J‘ dx 1 _[ dt
erefore, — = | T
V5x* —2x J5 2 (1)2
5
1 , (1Y
=—510g t+,/t — S +C [by 7.4 (4)]
= Llog x—l+ x? —2 +C
5 5 5
Example 10 Find the following integrals:
x+2 x+3
. dx .o e dx
@ J‘2x2+6x+5 W J‘\/5—4x—x2

Solution
(i) Using the formula 7.4 (9), we express

x+2= Ai(2x2+6x+5)+B - A(4x+6)+B
dx

Equating the coefficients of x and the constant terms from both sides, we get

1 1
4A=1and 6A+B =2 or :ZandB:E.
Theref J‘ x+2 lJ‘ 4x+6 lJ‘ dx
eretore, 2 46x+5 4927 +6x+5 2926 +6x+5
1 1
= L +=1
41Ty (say) .. (D
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In I, put 2x* + 6x + 5 = ¢, so that (4x + 6) dx = dt

Therefore, I = j%:log|t|+cl
= log|2x* +6x+51+C, . (2)
q . _[ dx 1 dx
an = 2 5
2702 +6x+5 27 2 4 S
2
1 dx
=3] 3V (1Y
Xx+=| +| =
3] 6)
3
Put x+5:t, so that dx = dt, we get
1 dt 1
L= j s = tan"'2r+C, [by 7.4 (3)]
2 1 1
£+ = 2
(2) 2
i 3 G
= tan 2(X+EJ+C2 = tan (2X+3)+C2 .. 3

Using (2) and (3) in (1), we get

J‘f;zdx=llog‘2x2+6x+5‘+ltan_l(2x+3)+C
2x"+6x+5 4 2

c, . C
where, C=—"14+=2

42

(i) This integral is of the form given in 7.4 (10). Let us express

d
x+3= AE(5—4x—x2)+B:A(—4—2x)+B

Equating the coefficients of x and the constant terms from both sides, we get

1
—2A=1land-4A+B=3,ie, A= _E and B=1
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—4— 2x dx

Theref J- x+3 __J‘ J‘
eretore, \5—4x—x? \/5 4x—x* \/5 4x—x*
1
= _E [ +1 .o (D
In1, put 5 —4x — x> = ¢, so that (- 4 — 2x) dx = dt.
4— 2x dx dt
Therefore, I= = 2\/_ +C,
J\/S 4x—x2 '[
= 2V5-4x—x* +C, . (2)
Now consider L= J\/5—4x—x2 :I\/9—(x+2)2
Put x + 2 = ¢, so that dx = dt.
SEN
Therefore, L= _[ \/— =sin — [by 7.4 (5)]
- sin_l%z+C2 -3

Substituting (2) and (3) in (1), we obtain

J‘L32=—«/5—4x—x2 +sin_l%2+C, where C:Cz—%
V5-4x—x

|EXERCISE 7.4|
Integrate the functions in Exercises 1 to 23.
3x° X 1 ; 1
X8 +1 D V14422 ' (2—x)2+1
1 . 3x 6 x?
9_ 252 C o424 C1=x°
x—1 x> sec’x

8, —— 9. T———
a1 1% +a® Vtan®x +4
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1 1 1
10, ———— 11. ——— 12, /77—
J 42542 9x> +6x+5 V7 —6x— x>
13 ! 14 ; 15 ;
’ J(x—l)(x—Z) C 8+ 3x— %7 ) (x—a)(x—b)
16 4x+1 e x+2 5 S5x-2
’ «/2x2+x—3 BN | T o1+ 2x+3x7
6x+7 x+2 x+2
19, ———————— 20. —— 21, ————
(x=5)(x—4) 4x—x* Vo +2x+3
_x+3 5x+3

—— 23. ‘
x2-2x-5 Nt +4x+10

Choose the correct answer in Exercises 24 and 25.

24. J‘zL equals
X +2x+2
(A) xtan! (x+ 1)+ C B) tan'(x+1)+C
C) (x+Dtan'x +C (D) tan"'x + C
25 J‘L equals
’ Vox—4x?
(A) lsinl(gx_8j+c (B) lsinl(gx_9]+c
9 8 2 9
1 - —1 9x_8 lsln_l(gx_gj‘i'c
(C) gSln (TJ'FC (D) 2 9

7.5 Integration by Partial Fractions
Recall that a rational function is defined as the ratio of two polynomials in the form
P(x)
(x)

, where P (x) and Q(x) are polynomials in x and Q(x) # 0. If the degree of P(x)

is less than the degree of Q(x), then the rational function is called proper, otherwise, it
is called improper. The improper rational functions can be reduced to the proper rational
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P) R

P
functions by long division process. Thus, if o) is improper, then —— =T(x) +

Q) Q) Q)

where T(x) is a polynomial in x and is a proper rational function. As we know

| (x
Q(x)
how to integrate polynomials, the integration of any rational function is reduced to the
integration of a proper rational function. The rational functions which we shall consider
here for integration purposes will be those whose denominators can be factorised into

P(x P(x)
Qo T Qo
is proper rational function. It is always possible to write the integrand as a sum of
simpler rational functions by a method called partial fraction decomposition. After this,
the integration can be carried out easily using the already known methods. The following
Table 7.2 indicates the types of simpler partial fractions that are to be associated with
various kind of rational functions.

linear and quadratic factors. Assume that we want to evaluate J.

Table 7.2
S.No. | Form of the rational function Form of the partial fraction

1. | P29 4 A . E
(x—a) (x-b) x—a x-b

2 px+q A + B >

C | —a)? X—a (x-a)

3 pxE+gr+r A N B N C
x—a)(x=b)(x=c) x—a x-b x-c

4 px*+gx+r A __ B - C
(x—a)’ (x—b) X—a (x-a)” x-b

s pxl+gx+r A Br+C
(x—a) (&® +bx+c) x-—a X+bxt+c
where x? + bx + ¢ cannot be factorised further

In the above table, A, B and C are real numbers to be determined suitably.
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dx

Example 11 Find Im
Solution The integrand is a proper rational function. Therefore, by using the form of
partial fraction [Table 7.2 ()], we write

1 A B

G+ (x+2)  x+1 x+2

- (1)

where, real numbers A and B are to be determined suitably. This gives
I=A(x+2)+Bx+1).

Equating the coefficients of x and the constant term, we get

A+B=0
and 2A+B=1
Solving these equations, we get A=1 and B =— 1.
Thus, the integrand is given by

1 1 -1
x+D (x+2) - x+1 i x+2

Theref J- dx _J- dx / dx
eretore, GHD)(+2) x4l I xt2
= 10g|x+1|—10g|x+2|+C

x+1 L C

= log

X+

Remark The equation (1) above is an identity, i.e. a statement true for all (permissible)
values of x. Some authors use the symbol ‘=’ to indicate that the statement is an
identity and use the symbol ‘=’ to indicate that the statement is an equation, i.e., to
indicate that the statement is true only for certain values of x.

) x> +1
Example 12 Find J‘m
X" =5x

2

. . x +1
Solution Here the integrand —————
X =5x+6

x>+ 1 by x> — 5x + 6 and find that

is not proper rational function, so we divide
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2 _ _
x> +1 1+ 25x 5 1+ 5x-5
X’ —5x+6 x°=5x+6 (x=2)(x-3)
Let 5x-5 B A N B
© x-2)(x-3) x-2 x-3
So that Sx-5=Ax-3)+B (x-2)

Equating the coefficients of x and constant terms on both sides, we get A+ B =5
and 3A + 2B = 5. Solving these equations, we get A=—35 and B =10

¥4l 5 10

Th — +
o 25546 =2 x-3
x“+1
Therefore, —————dx = |dx-5
J‘)cz—5x+6 ‘[ '[x—

=x-5loglx-2l+101loglx-31+C.
x—=2

Example 13 Find Im
X X

Solution The integrand is of the type as given in Table 7.2 (4). We write

3x-2 A N B C
G+D2(x+3)  x+1 @x+D? x+3
So that 3x-2=AGx+1Dx+3)+Bx+3)+C (x+ 1)

=AW +4x+3)+Bx+3)+C(x*+2x+1)

Comparing coefficient of x>, x and constant term on both sides, we get
A+C=0,4A +B +2C =3 and 3A + 3B + C =- 2. Solving these equations, we get

11 =5 11

A=—,B=— and C=——.Thus the integrand is given by
4 4
3x-2 nmn_ s 1
x+1D2(x+3) ~ 4(x+1) 2(x+1)2 4 (x+3)
Theref IL i “I (I _dx
eretore, (x+1)*(x+3) x+1 (x+1) 47 x+3
=Elog|x+1|+ > —Elog|x+3|+C
4 26+1) 4
:E o) x+1 + > +C
4 x+3| 2(x+1)
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2

E le 14 Fi ———dx
xample 14 Find _[ D+ 4)
x2
Solution Consider ——————— and put x* = y.
x*+D) (" +4)
Th - Y
en =
EH+DE*+4)  G+D+4)
Wit u _ AL, B
e O+D G +4)  y+l y+4
So that y=A@+4)+BHy+1)

Comparing coefficients of y and constant terms on both sides, we get A+ B =1
and 4A + B =0, which give

1 4
A=—-—— and B=—
3 3

™ X’ AR Y e \udi
us, C+D) 2 +4)  3(E+1) 3 +4)
2
x“dx 1 dx 4 dx
Therefore, feN=—— _ - =
eretore j(x2+1)(x2+4) 3Ix2+1 3Ix2+4

—ltan_1x+ixltan_1£+C
3 3 2 2

= —ltan_1x+ztan_1£+c
3 3 2

In the above example, the substitution was made only for the partial fraction part
and not for the integration part. Now, we consider an example, where the integration
involves a combination of the substitution method and the partial fraction method.

3sin ¢ —2
(3sin (I: )C(')S 0 46
S5—cos"0—4sin ¢
Solution Let y = sin¢
Then dy = cosd do

Example 15 Find J
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3sind —2) cos 3y—-2)d
Therefore, J( ing - ) ¢ _[ 3y - )y
5—cos’— 4sm¢ 5-(1-y*) -4y
3y-2
o
y —4y+4
(22 iy
(v-2)
N it Sy-2 A, B [by Table 7.2 (2)]
ow, we write = able 7.
(y=2)  »y-2 (-2 g
Therefore, 3y-2=A(-2)+B

Comparing the coefficients of y and constant term, we get A=3 and B —2A=-2,
which gives A=3 and B =4.

Therefore, the required integral is given by

3 4 dy
[——+ ly =3 +4
Iy 2 (y 2) .[ J-(y 2)
= 3log| y- 2|+4[-ﬁ}+c
=3log|sin¢—2|+ u +C
2—sin ¢

= 3log (2—sin ) + 5 + C (since, 2 —sin ¢ is always positive)

X2+ x+1dx

Example 16 Find Im

Solution The integrand is a proper rational function. Decompose the rational function
into partial fraction [Table 2.2(5)]. Write

x4 x+1 3 A +Bx+C
W+D(x+2)  x+2 @+
Therefore, X+x+1=AX+D+Bx+0C) (x+2)

Reprint 2024-25



258 MATHEMATICS

Equating the coefficients of x*, x and of constant term of both sides, we get
A+B=1,2B+ C=1and A+ 2C = 1. Solving these equations, we get

A:E,B:EandC:l
5 5 5

Thus, the integrand is given by

2 1
Caxtl 3 stTs 3 +l(2x+lj
@CHDE+2)  S5x+2) X410 5+2) S\ xP+1
x“+x+1 1 1 1
— - — _x+_
Therefore, J(x2+1) (x+2) Ix+2 537 5J.x2+1
3 i
glog|x+2|+ log‘x +1‘+—tan x+C
EXERCISE 7.5 |
Integrate the rational functions in Exercises 1 to 21.
X 5 1 3x-1
(x+1) (x+2) " x* -9 oD -2 -3)
4 X . 2x p 1-x*
T -D(-2)(x=3) T x*+3x+2 Cox(1-2x)
X X 3x+5
7. ———— T N .
@ +1) (x—1) 8 o x+2) S
o 2x-3 £ 5x . X +x+l1
TP -1 (2x+3) ) (P -4) X1
2 3x-1 1
13. —(l—x)(l+x2) 14. —(x+2)2 15. A1
1
16. x(T—l—l) [Hint: multiply numerator and denominator by x"~' and put x" = ¢ ]
cos x
17. . ; [Hint : Put sin x = ¢]

(1-sin x) (2 —sin x)
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o +1) (* +2) 2x 1
2 2 ) 2 20. 4
x*+3)(x"+4) x*+D " +3) x(x" =1
1 .
21. @ -1 [Hint : Put ¢* = ¢]
Choose the correct answer in each of the Exercises 22 and 23.
J- X dx {
—(x—l) —2) equals
2 2
(A) log (=D +C (B) log *=2) +C
X— x—1
2
x—1
(C) log (EJ +C (D) log|(x—1) (x-2)|+C
23. I# equals
x(x“+1)
1 2 1 2
(A) 10g|x|—510g (+1)+C (B) 10g|x|+510g (+)+C

1
(©) -log |x|+%log(x2+l)+C (D) Elog|x|+log(x2+1)+C

7.6 Integration by Parts

In this section, we describe one more method of integration, that is found quite useful in
integrating products of functions.

If u and v are any two differentiable functions of a single variable x (say). Then, by
the product rule of differentiation, we have

d dv du
— W) = u—+v—
dx dx dx
Integrating both sides, we get
uy = J‘u—dx+jv@ dx
x dx
dv du
—dx = uv—|v—dx . (1
o J‘ua’x * I dx M
dv
Let u = f(x) and EZ g(x). Then

du
—o=f @ and v= [edx
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Therefore, expression (1) can be rewritten as

[Fegde = F00[ g0 dx—[(] 2 ) dx] £(x)
ie. [fmewar = F0fg @ de—[1f () [g0x) dxldx

If we take f as the first function and g as the second function, then this formula
may be stated as follows:

“The integral of the product of two functions = (first function) x (integral
of the second function) — Integral of [(differential coefficient of the first function)
x (integral of the second function)]”

Example 17 Find Jx cos x dx

Solution Put f (x) = x (first function) and g (x) = cos x (second function).
Then, integration by parts gives

Ixcos xdx = x Icos x dx — J‘[%(x) Icos x dx]dx

xsinx—_[sinxdx =xsinx+cosx+ C

Suppose, we take f(x) =cos x and g(x) = x. Then

Ixcos x dx = cos xjxdx—_[[%(cos X) jx dx] dx

x2 x2
COS X) —+ | sin x —dx
(cos x) 5 | 5

Thus, it shows that the integral Ix cos x dx 1is reduced to the comparatively more

complicated integral having more power of x. Therefore, the proper choice of the first
function and the second function is significant.

Remarks

(i) It is worth mentioning that integration by parts is not applicable to product of

functions in all cases. For instance, the method does not work for I\/; sin x dx .

The reason is that there does not exist any function whose derivative is

\/; sin x.

(i) Observe that while finding the integral of the second function, we did not add
any constant of integration. If we write the integral of the second function cos x
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as sin x + k, where k is any constant, then

x (sin x+k)—j(sin x+k)dx

_[x cos x dx

x (sin x+k)—I(sinxdx—Jk dx

x(sin x+k)—cos x—kx+C = xsin x+cos x+C

This shows that adding a constant to the integral of the second function is
superfluous so far as the final result is concerned while applying the method of
integration by parts.

(iii) Usually, if any function is a power of x or a polynomial in x, then we take it as the
first function. However, in cases where other function is inverse trigonometric
function or logarithmic function, then we take them as first function.

Example 18 Find Ilog x dx

Solution To start with, we are unable to guess a function whose derivative is log x. We
take log x as the first function and the constant function 1 as the second function. Then,
the integral of the second function is x.

d
logx.1)dx = log x |1dx— |[— (log x) |1 dx] dx
Hence, I(ng )dx = log J j[dx( g )j 1
=(logx)-x—jlxdx:xlogx—x+C,
x
Example 19 Find Ixexdx

Solution Take first function as x and second function as e*. The integral of the second
function is e*.

Therefore, Ixexdx =xe' - _[1 ce*dx = xe'— e* + C.

xsin'x

Example 20 Find Iﬁ dx
- X

Solution Let first function be sin ~'x and second function be > -
1—x

X dx

NI ‘

First we find the integral of the second function, i.e., I

Put r =1 — x2. Then df = — 2x dx
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Therefore, J‘\/% = ——jT = —Jr=—+1-22

-
Hence, J‘xsm xdx (sin” x)( ) j ( Vl—xz)dx
V1-x? V11—
= —Jl-x%sin"'x+x+C = x—\ll—x2 sin”'x+C
Alternatively, this integral can also be worked out by making substitution sin”!x =6 and
then integrating by parts.

Example 21 Find Iex sin x dx

Solution Take e* as the first function and sin x as second function. Then, integrating
by parts, we have

I=Iex sin x dx =e* (— cos x)+jexcos x dx

=—e"cos x + [ (say) .. (D
Taking e*and cos x as the first and second functions, respectively, in I, we get

I, = e sin x—je"sin xdx
Substituting the value of I in (1), we get
I=—e¢*cosx+e sinx—1 or 21 =e* (sin x — cos x)

X

Hence, I= Iex sin x dx =% (sin x —cosx) + C

Alternatively, above integral can also be determined by taking sin x as the first function
and e* the second function.

7.6.1 Integral of the type Jex [ f)+ f (x)]dx
We have I= [ [f0)+ f(dx = [€'fde+ [e'f () dx

= 1, + [e" £ /(x) dx, where I,= [ e £ (x) dx (D)
Taking f(x) and e* as the first function and second function, respectively, in I, and
integrating it by parts, we have I, = f (x) e*— _[ fx)e'dx+C
Substituting I, in (1), we get

I= ' f@)—[f @) e'de+[e f(0)dx+C =e f(x) + C
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Thus, [e L f )+ f(0Ndx = e* f(x)+C
L B 1 P+ e
E le 22 Find x ! dx -
xample ind (1) _[e (tan x+1+x2) (1) ( +1)2
Solution
(i) We have I =[e"(tan™'x+——) dx

1+x

Consider f(x) = tan™'x, then f’(x) = 2

Thus, the given integrand is of the form e* [ f (x) + f'(x)].

Therefore, 1= _[ex (tan~'x+ 5)dx =e tan 'x + C

1+x
2
(i) We have Izj—(x L dx=e" 1+1+1)]dx
(x+1) (x+ 1)
1
= J'ex X = J. ] dx
(x+1) (x+1) +1 (x+1)
-1 o 2
Consider f(x) :ﬁ , then f )= x+ 1)’
Thus, the given integrand is of the form e* [f (x) + f'(x)].
2
+1 -1
Therefore, jx—z Fdi=2""¢" +C
x+D x+1
| EXERCISE 7.6
Integrate the functions in Exercises 1 to 22.
1. xsinx 2. xsin3x 3. e 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x
. xcos 'x
9. x cos!x 10. (sin'x)? 11. 12. x sec’x
V1-x7
13. tan'x 14. x (log x)* 15. >+ 1)logx
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. xe . 1+sin x
16. e (sinx + cosx) 17. 773 18. 1+cos x
19. €' (1 i) 20, &2 L1 e
9. N 0. 1) . e¥sinx

22. Sin‘l( 2x2j
1+x

Choose the correct answer in Exercises 23 and 24.

23. J.xze"de equals
1 3 1 X2
(A) —e" +C (B) ze +C
3 3
C le”3+C D 1“‘2+C
© 35 (D) 5¢

24. je" secx (1+tan x) dx equals
(A) efcosx+C (B) e*sec x + C
(C) efsinx+C (D) e*tan x + C

7.6.2 Integrals of some more types

Here, we discuss some special types of standard integrals based on the technique of
integration by parts :

1) J.\/x2 —a® dx (i) I x> +a® dx (iif) I a*—x* dx

() Let I=[Va’—a’ dx

Taking constant function 1 as the second function and integrating by parts, we
have

I= xvx’—a —I dx
X2 =

a

= xVx*—d® - dx = xx? —_[x —aid

[
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x\/x2 -a’ —I\/xz -a’ dx—azj—dx

x\Vx?—a® -1-a

IR
T
or I_I x*—a? dx= 2Vx -a —%log x+vVx?-a’

Similarly, integrating other two integrals by parts, taking constant function 1 as the
second function, we get

2
(ii) J\/xz +a’dx =%x\/x2 +a’ +%log

or 2[= xx*—a’ —a

+C

x+vVx2+a®

+C

1 2
(i1) _[ az—xzdx=5x\/az—x2 +%sin_1£+C

a

Alternatively, integrals (i), (ii) and (iii) can also be found by making trigonometric
substitution x = a sec0 in (i), x = a tan0 in (ii) and x = @ sin0 in (iii) respectively.

Example 23 Find [y** +2x+5 dx

Solution Note that

[Vx*+2x+5dx = [Jee+1) +4 ax

Put x + 1 =y, so that dx = dy. Then

[V +2x+5dx = [{y* +2° dy
=%y y2+4+%10g y+m‘+c [using 7.6.2 (ii)]

:%(x+l)\/x2+2x+5+210g x+1+\/x2+2x+5‘+C
Example 24 Find IVB —2x—x* dx

Solution Note that I\/3—2x—x2 dx=J.\/4—(x+1)2 dx
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Put x + 1 =y so that dx = dy.
Thus IVB—Zx—xz dx = J‘«/4—y2 dy

1 4
=5 4-y° +-sin 1%+C [using 7.6.2 (iii)]

=%(x+l)\/3—2x—x2 +2sin”! (%”jw

|[EXERCISE 7.7 |

Integrate the functions in Exercises 1 to 9.
Lo {4-x? 2. \1-4x7

4. xP+4x+1 5. Jl-dx—x*

x* +dx+

N W

g

x* +dx -

7. J1+3x— 2 8. Jx2+3x 9. 1+
Choose the correct answer in Exercises 10 to 11.
10. Imdxisequalto
(A) §m+%log(x+m) +C
2,2 2 .
(B) §(1+x )2 +C (©) gx(1+x )2 +C

2

(D) %m+%leog x+m
11. I\/x2—8x+7 dx is equal to

(A) %(X—4)\/x2—8x+7+910g X—4+M‘+C

(B) %(X+4)\/x2—8x+7+910g x+4+M‘+C

© %(x—4)vx2—8x+7—3«/§10g x—4+M‘+C

(D) %(x—4)«/x2—8x+7—%10g x—4+m‘+c

+C
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7.7 Definite Integral

In the previous sections, we have studied about the indefinite integrals and discussed
few methods of finding them including integrals of some special functions. In this
section, we shall study what is called definite integral of a function. The definite integral

has a unique value. A definite integral is denoted by J. ’ f(x) dx , where a is called the

lower limit of the integral and b is called the upper limit of the integral. The definite
integral is introduced either as the limit of a sum or if it has an anti derivative F in the
interval [a, b], then its value is the difference between the values of F at the end
points, i.e., F(b) — F(a).

7.8 Fundamental Theorem of Calculus

7.8.1 Area function

Cd

We have defined J. ’ f(x)dx as the area of 4 = f(x)
the region bounded by the curve y = f(x),
the ordinates x = a and x = b and x-axis. Let x
be a given point in [a, b]. Then J. R f(x)dx

represents the area of the light shaded region A)
in Fig 7.1 [Here it is assumed that f(x) > O for

x € [a, b], the assertion made below is X
equally true for other functions as well].
The area of this shaded region depends upon Y Fig 7.1
the value of x.

ol ¢ X b

In other words, the area of this shaded region is a function of x. We denote this
function of x by A(x). We call the function A(x) as Area function and is given by

Ax) = I:f(x)dx (1)

Based on this definition, the two basic fundamental theorems have been given.
However, we only state them as their proofs are beyond the scope of this text book.

7.8.2 First fundamental theorem of integral calculus

Theorem 1 Let fbe a continuous function on the closed interval [a, b] and let A (x) be
the area function. Then A’(x) = f (x), for all x € [a, b].
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7.8.3 Second fundamental theorem of integral calculus

We state below an important theorem which enables us to evaluate definite integrals
by making use of anti derivative.

Theorem 2 Let f be continuous function defined on the closed interval [a, b] and F be

an anti derivative of f. Then I: f(x)dx = [F(x)]z = F () -F(a).

Remarks

(@)

(i)

(ii)

(iv)

(@)

(i)

b
In words, the Theorem 2 tells us that J. f(x) dx = (value of the anti derivative F
of fat the upper limit b — value of the same anti derivative at the lower limit a).

This theorem is very useful, because it gives us a method of calculating the
definite integral more easily, without calculating the limit of a sum.

The crucial operation in evaluating a definite integral is that of finding a function
whose derivative is equal to the integrand. This strengthens the relationship
between differentiation and integration.

In J. ’ f(x) dx, the function f needs to be well defined and continuous in [a, b].

1
. . . .. 3 = .
For instance, the consideration of definite integral j 2 x(x2 —1)2 dx is erroneous

1
since the function f expressed by f(x) = x(x* =1)2 is not defined in a portion

— 1 < x <1 of the closed interval [- 2, 3].

b
Steps for calculating J. f(x)dx.
Find the indefinite integral _[ f(x) dx . Let this be F(x). There is no need to keep
integration constant C because if we consider F(x) + C instead of F(x), we get
[ £(x) dx=[F (x)+C1% =[E(b) + C1 - [F(a) + CI=F(b) - F(a)

Thus, the arbitrary constant disappears in evaluating the value of the definite
integral.

Evaluate F(b) — F(a) = [F (x)]Z , which is the value of J. ’ f(x)dx.

We now consider some examples
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Example 25 Evaluate the following integrals:

3 9 \/;
M [, x ar @ |, T
(30— x2)?
xdx . T
(iii) J.l(x+1)( ) (iv) I0451n 2tcos2tdt
Solution

. (32 . 2 _x3_
(1) LetI—J.zx dx . Since J.x a’x—?—F(x),

Therefore, by the second fundamental theorem, we get

27 8 19
I=FQ3)-FQ2 ————:—
3 -F(@2) 373
(i) Let I= L — dx . We first find the anti derivative of the integrand.
(30— x2)?

3
- 2
Put 30— x2 =¢.Then —%\/X dx=dt or VX a’x:—gdt

Jx di _ 2 |
Thus, I— ———I P =§ -3 =F(x)
(30 — x2)? (30 - x?)
Therefore, by the second fundamental theorem of calculus, we have

9

1= F(9)—F(4)=§ L

(30-x2) |,

2[ 1 1] 2[11]m
T 3|1 (30-27) 30-8| 3|3 22| 99

X dx

L e
(i) Let 1= Il (x+1) (x+2)
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-1 2
Using partial fraction, we get = +
(x+D(x+2) x+1 x+2
So J.x—dx:—10g|x+1|+210g|x+2|:F(x)
(x+1) (x+2)

Therefore, by the second fundamental theorem of calculus, we have
I=FQ2)-F1)=[-log3+2log4]—[-log?2+2log3]

32
=-3log3+log2+2log4=log >

T
(iv) Let I= Io4 sin® 2¢ cos 2 7 dr. Consider _[sin3 2t cos 2t dt

1
Put sin 2¢ = u so that 2 cos 2¢ dt = du or cos 2t dt = E du

.3 )
So J‘sm 2t cos2t df = EIM du

[u4] :% sin*2r=F (1) say

o | —

Therefore, by the second fundamental theorem of integral calculus

T 1 . 4T . 4 1
I=F(—)-F(@Q)=—[sin" ——sin" 0] =—
(4) 0) 8[ 5 ] 2

|[EXERCISE 7.8 |
Evaluate the definite integrals in Exercises 1 to 20.
1 31 2.3 2
1. J.il(x+1)dx 2. Jzzdx 3. j1(4x _5x* +6x+9) dx
= Ed s L
4. I(jsin2xdx 5. J-OZCOSZde 6. I4€xdx 7. J.;tanxdx
i dx 1 dx 3 dx
| a9, 10. 11.
8 chosecx x .[0 o 0 Iol+x2 szz—l
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x dx J‘12x+3

1 e

I 3
12. Igcoszxdx 13. _[

i

2 5.X2 1 2 3 T . 2X 2 X
16. — 17. | *@sec®x+x +2)dx 18. sin” = —cos” =) dx
Il x*+4x+3 IO( . JO( 2 %

26x+3
19. on+ dx

Choose the correct answer in Exercises 21 and 22.

20. J;(x e +sin %) dx

21. J‘\/3 dx2 equals

1+ x

a T g & . oy~
()3 ()3 ()6 ()12
5 dx

22. |2

.[0 11002 equals

AE Bl Cl DE
()6 ()12 ()24 ()4

7.9 Evaluation of Definite Integrals by Substitution

In the previous sections, we have discussed several methods for finding the indefinite
integral. One of the important methods for finding the indefinite integral is the method
of substitution.

b
To evaluate J. f(x) dx, by substitution, the steps could be as follows:
1. Consider the integral without limits and substitute, y =f(x) or x = g(y) to reduce
the given integral to a known form.

2. Integrate the new integrand with respect to the new variable without mentioning
the constant of integration.

3. Resubstitute for the new variable and write the answer in terms of the original
variable.

4. Find the values of answers obtained in (3) at the given limits of integral and find
the difference of the values at the upper and lower limits.
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|@== Note |In order to quicken this method, we can proceed as follows: After

performing steps 1, and 2, there is no need of step 3. Here, the integral will be kept
in the new variable itself, and the limits of the integral will accordingly be changed,
so that we can perform the last step.

Let us illustrate this by examples.

1
Example 26 Evaluate J.715x4 X +1dx.

Solution Put = x>+ 1, then df = 5x* dx.

3 3
Therefore, I5x4 X +1dy = J‘\/;dt :%ﬂ :%(x5+1)2
I Al 37
Hence, _[, 5x* x5+1dx:§ (x5+1)2}
L -1
2_ 3 3
=@ +D2 (=17 +1)?
S| @402 =D )]

3 3
22 2 = 442
3 3 3

Alternatively, first we transform the integral and then evaluate the transformed integral
with new limits.
Let t=x"+ 1. Then dr = 5 x* dx.

Note that, when x=—1,t=0and whenx=1,1r=2
Thus, as x varies from — 1 to 1, ¢ varies from O to 2

1 2
Therefore _|.715x4 ©4+1dx = IO «/; dt

372 33
:% |:t2] =§|:22 —02] =
0

I tan~ ' x

Example 27 Evaluate Io dx

1+x°
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Solution Let = tan ~'x, then dr =

o dx . The new limits are, when x =0, r =0 and
+ X

T . . o
whenx=1, ¢t = Z . Thus, as x varies from O to 1, ¢ varies from O to Z .

I tan” x S R R SN I -
Therefore Io e dx = Io td{;}o ZE{E_O —5
| EXERCISE7.9 |
Evaluate the integrals in Exercises 1 to 8 using substitution.
1 x z L. 2x
d 2 [ 3 d
on2+1 X 2. IO sin ¢ cos” 0 d¢ 3. IOSIH (1+x2j X
2 I &
4. [ xdx+2 Pux+2=1) 5. [ 200y
0 0 1+cos” x
2 dx 1 dx 2( 1 1 2
6. — 7. > % F 8. ——— |e7dx
J‘Ox+4—xz J‘*1x2+2x+5 jl(x 2x2j
Choose the correct answer in Exercises 9 and 10.
1
) 1 (x—x2)3 .
9. The value of the integral I | dxis
X
3
(A) 6 B) 0 ©) 3 (D) 4
10. Iff(x) = [, tsintdr, thenf'(x) is
(A) cosx + x sin x (B) xsinx
(C) x cosx (D) sinx + x cosx

7.10 Some Properties of Definite Integrals

We list below some important properties of definite integrals. These will be useful in
evaluating the definite integrals more easily.

P,: j:f(x)dx=j:f(t) dt
P : I:f(x)dx=—I:f(x)dx. In particular, I:f(x)dx=0

1

P,: j:’f(x)dx=j:f(x)dx+jff(x)dx
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P,: j:f(x)dx:j:f(a+b—x)dx

P, : I:f(x)dx=joaf(a—x)dx

(Note that P, is a particular case of P,)
2a a a
P, : jo f(x)dx:jo f(x)dx+j0 f(2a—x)dx

P, : j;af(x) dx= 2j0“f(x)dx, if f(2a—x)=f(x) and
0if f(2a —x)=-f(x)
P: () I, F(x)dx= 2]0 F(x)dx, if fis an even function, i.e., if f(— x) = £ (x).

(i1) jj f(x)dx=0, if fis an odd function, i.e., if f(— x) = — f(x).

We give the proofs of these properties one by one.

Proof of P It follows directly by making the substitution x = 7.

Proof of P, Let F be anti derivative of f. Then, by the second fundamental theorem of
calculus, we have I bf(x) dx=F()-F(a)=-[F(a)-F(b)]= —I:f(x)dx
Here, we observe that, if a = b, then j:f(x) dx=0,

Proof of P, Let F be anti derivative of f. Then

[ £ G dx = Fb) - Fiay (D)
I:f (x) dx = F(c) — F(a) )
and ["redy =) - o e (3)

Adding (2) and (3), we get [ * f(x)dv+ [ f(x)dx=Fb)~Fa)=[ " f(x)dx
This proves the property P,.

Proof of P, Letz=a+b—x. Thendt=—dx. Whenx=a,t=Dband whenx=b, 1 =a.
Therefore

j:f(x) dx = [ " fla+b-ndr
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_ j:f(a+b—t) dt (by P,)

b
= | fla+b-x) dxby P,

Proof of P, Put 7= a —x. Then df = - dx. When x =0, 1= a and when x = @, t = 0. Now
proceed as in P..

2a a 2a
Proof of P_ Using P, we have | * f(x)dx=[ "f(xdx+[ " f(x)dx.

Let t = 2a — x in the second integral on the right hand side. Then
dt = —dx. When x =a, t =a and when x = 2a, t = 0. Also x = 2a —t.

Therefore, the second integral becomes

[ rear = ['r@a-ndi = [ fea-1d = [ f@a-x) ds

2a a a
Hence _[0 f(x)dx = jo f(x) dx+J.0 f(a—x)dx
Proof of P, Using P,, we have I;af(x) dx = I:f(x) dx +I;f(2a —x) dx .. (1)
Now, if fQa — x) =f(x), then (1) becomes
[P rwar= [ reoac+]] oo ae=2f fodx,
and if fQa — x) = - f(x), then (1) becomes
Iozaf(x) o= [ Feyde=[ ) dx=0
Proof of P, Using P,, we have
[“ Feode = [ reydee] ! fdx. Then

Let t = — x in the first integral on the right hand side.

dt = — dx. When x = — a, t = a and when
x=0,t=0.Alsox=—-1t.

a 0 a
Therefore jia f(x) dx —ja F(-t) dt +j0 F(x)dx

[[fende] fode by ..()
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(i) Now, if fis an even function, then f(—x) = f(x) and so (1) becomes
[ f@dx=] fde+ | fde=2] f(x)dx
(i) If fis an odd function, then f(-x) = — f(x) and so (1) becomes

Iif(x)dx=—I:f(x)dx+j:f(x)dx=0

Example 28 Evaluate I ’ ‘ X —x ‘dx

Solution We note that x> = x>0 on [- 1, 0] and x> — x < 0 on [0, 1] and that
x*—x=0on[l,2]. So by P, we write

J-j‘ X —x‘dx = -.-701()63 - X) dx+I;—(x3 —X) a’x+‘|‘12(x3 —x)dx

= -.-701()63 - X) dx+j;(x—x3) a’x+J‘12(x3 —x)dx

x4 x2 ’ X2 X4 : X4 X2 ?
= | == +|=—-=| +|=—-=
4 2 |2 4| |4 2

1

Example 29 Evaluate j _“n sin” x dx
4

Solution We observe that sin® x is an even function. Therefore, by P, (1), we get

T T

4 . a2
I“ sinxdx = 2j04sm x dx

4

P r
= 2jj(l_c—‘2’szx)dx - j04(1—cos 2x)dx
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K

= {x—%sin ZXT = (E—lsinij—Ozi—l

0 4 2 2 4 2
Example 30 Evaluate _[ 7ILn;ca'x
01+cos” x
T xsin x

5—dx . Then, by P,, we have

Solution Let I = _[0 1+—
Ccos” x

_J- (m—x) sin (T — x) dx
1+cos*(m—x)

_J- (TC X) sin x dx _ n_[n sin x dx _1

1+ cos’ x 0 1+cos’ x

n sin x dx
or 21=7tj —
0 1+cos™ x

n sin x dx
or ——_[

0 1+cos’x

Put cos x =t so that —sin x dx =dt. When x =0, =1 and whenx=m, t = — 1.
Therefore, (by P)) we get

114>

dt
0 1+

n[tan_lt]; =7'c[tan_11—tan10]=T{§—0}=%2

1
Example 31 Evaluate I 1 sin’ x cos” x dx

is even function)

. 1
p_, since
7 1+

1
Solution Let I = J.ilsins xcos® xdx . Let flx) = sin’ x cos* x. Then

f(=x) = sin® (- x) cos* (= x) = — sin’ x cos* x = — f(x), i.e., fis an odd function.
Therefore, by P (ii), [ =0
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s .
5 SlIl4 X

Example 32 Evaluate I P ————dx
0 sin” x+cos” x
= sin*
Solution Let I = I 2—x dx
0 sin* x +cos”* x
Then, by P,
k3 sin* (E —X) T 4
= _[ 2 2 de - (2 cos” x J
—Jo . 4, T 4, - J‘O 4 4 *
sin (E—x)+cos (E—x) cos x+sin- x

Adding (1) and (2), we get

T 7[
> sin* x+cos* x T
21 = 2—d dx—[x]
'[0 sin* x + cos”* x '[ 2
Hence I:E
4
S od
3 X
Example 33 Evaluate | °
P '[’6‘ 1++/tan x
=z d. E cos x dx
Solution LetI = I ) =J y .
1+\/tanx % Jcos x ++/sin x
. cos(n+n—xjdx
3 3 6
Then, by P, 1= |;
. T T T
cos| —+——x |+ (sin| —+——x
o (TR in 3]
J- smx __ Nsinx
sin x ++/cos x
Adding (1) and (2), we get
2 T nonomw
3, _[L3_ % T T T
ZIzjgdx_[X]g T Hence 1= o
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b1

Example 34 Evaluate J‘Oalog sin x dx

b1

Solution Let I = J.OE log sin x dx

Then, by P,

K K

I= J‘OE log sin(g—xjdx:-“ozlog cosx dx

Adding the two values of I, we get

i

20 = J‘Oi(log sinx +logcos x) dx

la

= I . (log sin x cos x +log 2 —log 2) dx (by adding and subtracting log 2)

T T
=j5kgsm2xdx—j5Mg2dx (Why?)

Put 2x =t in the first integral. Then 2 dx = dt, when x =0, t = 0 and when x =§’

t=T.
1¢xn . I
Therefore 2l = 5 Jo log sint dt ) log?2
EIZI int dt -~ log?2 i -
=5 ¥ og sin > 0g2 [by P, as sin (T — 1) = sin 1)
= _[0E log sin x dx —g log?2 (by changing variable # to x)
I
= I-—log2
> g
3 i
2 - -
Hence Io log sinx dx = T log?2 .
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|[EXERCISE 7.10 |

By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19.

10.

12.

15.

18.

19.

_[ Jsinx __Nsinx s J‘Z sin%xa’x

X 0o 3 3
0 /sin x ++/cos x = =

sin? x+cos? x

0la

cos 2 xdx

T 5
5 cos’xdx 5 8
- 5. [x+21dx 6. x—5|dx
'[0 sin’ x + cos’ x J-*5 I2| |
| . z 2
on(l—x) dx 8. I0410g(1+tanx)dx 9. J-Ox\/Z—x dx
n n
Ioz(Zlog sin x —log sin 2x) dx 11. _[_2 sin® x dx
2
5 2

jn xd 13. _[2 sin’ x dx 14. _[ " cos® x dx
01+sinx -z 0

2
n . |
J‘g SIn X —COS X X

K
——dx 16. log (1 dx 17. ———F—dx
0 T+sinxcosx -[0 0g (1-+gos x) dx -[0 Jx +Ja—x
I4|x—1|dx
0

Show that I:f(x)g(x) dx=2 J';f(x) dx ,if fand g are defined as f(x) = f(a — x)

and g(x) + gla —x) =

Choose the correct answer in Exercises 20 and 21.

20.

21.

T
The value of I _27; (x* + x cosx + tan’ x +1) dx is
2

(A) O B) 2 (O’ D) 1

T
3 4 +3si

The value of j %log AL TR
0 4+3cosx

3
(A) 2 B) o (ONY (D) -2
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Miscellaneous Examples

Example 35 Find [cos 6x /1+sin 6x dx

Solution Put ¢ = 1 + sin 6x, so that df = 6 cos 6x dx

1
Therefore Icos 6x+/1+sin 6x dx = % Iﬂdt

1.2 2 1 3
—X=(1)2+C=—=(+sin 6x)2 +C
6 3 9

1

4

Example 36 Find [ I
X

1

A .

Solution We have j (x _Sx) dx = j X g
x

.X4

1

Put 1—%:1—)6_3 =1,80 that%dx:dt
X X

1 5

1 5
G A 1.4 7 4( 1j4
Therefore (-2~ gx== (4 dt = =x—t*+C=—|1—-—| +C
J x . 3J 35 150 ¥
) _[ x* dx
Example 37 Find —(x— D+
Solution We have
4
X
—_— = (x+D+
(x=D(x*+1) ¥ -x+x-1
1
=(+D+——mF—
(x=1D (x"+1)
1 A Bx+C

Now express G-DC+D) - oD @D
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So 1=AC+1D)+Bx+C)(x-1)
=(A+B)¥*+(C-B)x+A-C
Equating coefficients on both sides, we get A+ B=0,C—B=0andA-C=1,
which give A :%, B=C= _% . Substituting values of A, B and C in (2), we get
1 B 1 _l x 1
(x=D2+D ~ 2(x=1) 22+D 2(x* +1)
Again, substituting (3) in (1), we have

x* 1 1 x 1
> =(x+Dh+ -~ ——
(x=1D(x"+x+1) 2x=1) 2 (x"+1) 2(x"+1D

. (3)

Therefore

x* x? 1 1 . 1 .
j 5 dx=—+x+—log|x—1|——log(x +1)——tan” x+C
(x=Dx"+x+1) 2 2 4 2

1
Example 38 Find _[ {log (log.x) + (log x)* } dx

Solution Let 1= J‘{log (log x) +ﬁ} dx
ogx

= [log (log x) dx +j dx

(log x)
In the first integral, let us take 1 as the second function. Then integrating it by

parts, we get
xdx+ I dx >
xlog x (logx)

= xlog (logx)— I

J- dx
logx “ (log x)*

_ xlog (log x) - [ (D)

Again, consider I , take 1 as the second function and integrate it by parts,

log x

dx X 1 1
we have I@_ Logx —Jx{— (logx)’ (;j} dx} .. (2)
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Putting (2) in (1), we get

dx +J- dx

I=xlog (logx)— +C

= xlog (log x) —
(logx)2 g (logx) log x

log x _I (log x)*

Example 39 Find [ [ Veotx ++/tan x | dx
Solution We have

:J.[ cot x + tanx]dx=j\/tanx(1+cotx)dx

Put tan x = £, so that sec®x dx = 2t dt

2t d
or dx = ! j
1+¢
Th I=|¢ dt
- J ( j<1+r)

=2 (t—”) _2j( 1de 2

t*+1 ( ;zj

1 1
Put t—; =y, so that (1"' j dt = dy. Then

)
l’_7
I= ZJ‘LZ=\/§tan‘IL+C=\/5tan‘l—l+C

v+ (v2) V2 V2
tanx—1
— V2 tan" [\/_IJ+C V2 tan™ (mj+c

sin 2xcos 2x dx
NCE= cos4(2x)

sin 2xcos 2x

V9 —cos 2x

Example 40 Find |

Solution Let I=I
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Put cos? (2x) = ¢ so that 4 sin 2x cos 2x dx = — dt
Therefore ———j ———sm —|+C=——sin" | —cos" 2x |+C
4 3 4 3

3
Example 41 Evaluate I 21 | x sin (T x) |dx

xsinTxfor—1<x<1

Solution Here =|xsin x| =
ut fO0 = 1x sin mx —xsinﬂ:xforleS%

3 3
3 . 3 .
Therefore Izllx31nnxldx = I 1xst‘l:xa’x+J‘12—xst‘l:xa’x

3
1 ) = .
:I lxsmTcxdx—J‘l?xsmTcxdx

Integrating both integrals on righthand side, we get

3

3 . 1 . >

3 . —XCOSTXx SinTx —XCOSTXx sinTx |2
I 1Ix31n7txldx + — +

-1 1

2

- T T TC T
2 L]e,
'  n] m
x dx

T
Example 42 Evaluate _[ P oos? 11 b sintx

Solution Let I

J‘n x dx J- (t—x) dx

- (using P,)
0 q?cos x+b>sin* x 4

0 g% cos?(m—x)+b*sin’ (T — x)

_J‘n x dx

RJ. 2 2. 2 2.2
0 a?cos’x+b’sin>x 70 a’cos’ x+b*sin’ x

Jt_[ -1
0 a®cos® x+b?sin® x

dx

0 a?cos® x+b*sin® x

Thus ~ 2I=x ]
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or I—EJR dx =£'2JZ dx (using P))
290 4%cos? x+b%sin®x 2 0 q?cos® x+b”sin® x &%
r T
_7":_.‘42 2dx2~2+I22 2dx2~2]
= 0 a”cos” x+b"sin” x a“cos“x+b”sin” x

~la

i

T
4 sec’xdx 5 cosec’xdx
n _[ 2 2. 2 +_[ 2 .2 2
0 a”+b tan” x a“cot"x+b

T
4

nj'l dt _J'O du }(puttanx—tandcotx—u)
oa’ +b’t* Y a’u’ +b

1 0
2

l{tan_l ﬂ} — l{tan_l a_u} — l{tan_lé + tan™! E} = L
ab al, ab b |~ ab a bl 2a

Miscellaneous Exercise on Chapter 7

Integrate the functions in Exercises 1 to 23.

1 1 1 a
1. 2, /——F— 3. ——— [Hint:Putx= —
-x_-x3 VXx+a+ .x+b xﬂax—x2 [ t]
1 1 ) 1 1
4. — 3 5. T 1 [Hint: T T , put x = 1]
K (xt+ 14 x2 +x3 x2+x3  x3 [1+x6J
5x sin x eSlogx _e4logx
6- —2 7- VN 8- ﬁ
(x+1) (x"+9) sin (x—a) el logx _ ,2logx
0 Cos X 10 sin® —cos® x 1 1
" J4—sin’x " 1-2sin® xcos® x " cos (x+a)cos (x+b)
x° e’ 1
12. 13. ———— 14. —————
1= 8 (I+e")2+e") x*+D)(x"+4)
15. cos’x elog sinr 16. &3 (x* + 1)! 17.  f’ (ax + b) [f(ax + b)]"
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1 i 1-Vx 2+sin2x
\/sin3xsin (x+o) ’ 1+\/; 1+ cos2x
- x*+x+1 55 tan”! 1-x
_ an~ ,[——
T D’ (x+2) ' 1+x

vx? +1[log (x* +1)—210gx}

X4

Evaluate the definite integrals in Exercises 24 to 31.

—sin 2
24, J‘ ( xjd ZSJ sinx cosx dx 26, _[ cos” x dx

I—cosx 0 cos* x+sin* x 0 cos® x+4sin’ x

3 SlIl.X+COS.X

1 dx
27. ———— —dx 28. ——F
‘[ \/sin 2x ! ‘[0\/1+x—\/;

29 J‘Zsinx+cosx 5
0 9+165sin 2x

T
30. Ioz sin 2xtan”" (sin x) dx

[ Bx=1+1x=21+1x=311dx
Prove the following (Exercises 32 to 37)

1
132&=2+10g2 33. I xe'dx=1
'x“(x+1) 3 3 0

1 L3
34. J. X7 cos* xdx=0 35. j 2sin3xdx=2
4 0 3

T
T 1, _ T
36. j042tan3xdx=1—1og2 37. josm 1xdx=5—1

Choose the correct answers in Exercises 38 to 40

38. I is equal to
et +e "
(A) tan! (¢*) + C (B) tan! (™) + C
(C) log (er—e™) +C (D) log (e + e +C
2
39. I cos o dx is equal to
(sin x + cos x)
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-1
A) —+C (B) loglsinx+cosx|+C
sin x + cos x
1

(C) loglsinx—cosxl+C (D) (sin x+cos x)°

IEf (a+b-x)=f (). then [ x f(x)dx is equal to

(A) a;b_[:f(b—x)dx (B) a;bj:f(bﬂ)dx
- b
© 4 rwax © 2!

Summary

@ Integration is the inverse process of differentiation. In the differential calculus,

we are given a function and we have to find the derivative or differential of
this function, but in the integral calculus, we are to find a function whose
differential is given. Thus, integration is a process which is the inverse of
differentiation.

d
Let p F(x)= f(x). Then we write j f(x)dx=F(x)+C. These integrals

are called indefinite integrals or general integrals, C is called constant of
integration. All these integrals differ by a constant.
Some properties of indefinite integrals are as follows:

L [If () +g (01de= [ fx)dx+[ g (x) dx

2. For any real number k, J'k f(x)dx= kJ'f(x) dx

More generally, if fl, fz, f3, ey fn are functions and kl, kz, ,kn are real
numbers. Then

[l A0 +ks f,(0) + 4 K f, ()] e

=k jfl(x) dx +k, jfz(x) dx+..+k, J'fn(x) dx

€ Some standard integrals

n+l

- 1+C, n #— 1. Particularly, jdx=x+C

(i) jx”dx =

n+
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(i) JCOSXdXZSiHX+C (iii) jsinxdx=—cosx+C
(@iv) Iseczxdxztanx+C v) Icoseczxdxz—cotx+C

(vi) Jsec xtanx dx=secx+C

dx -1 C
(vii) Jcosec x cotx dx =—cosec x+C (viii) J‘ﬁ =sm - x+
dx _1 dx

: ———=—-cos x+C =tan ' x+C
w J 7= ® Ja

(xi) f & =—cot”'x+C (xii) Jexdx=ex+C

1+ x2
. a’ 1

iy |a'dx= +C i —dx=
(xiii) _[ loga (xiv) jxdx loglx|+C
Integration by partial fractions

P(x)

Recall that a rational function is ratio of two polynomials of the form @ ,

where P(x) and Q (x) are polynomials in x and Q (x) # 0. If degree of the
polynomial P (x) is greater than the degree of the polynomial Q (x), then we

may divide P (x) by Q (x) so that M:T (x)+ B (x) , where T(x) is a
Q(x) Q(x)
polynomial in x and degree of P, (x) is less than the degree of Q(x). T(x)
P,
being polynomial can be easily integrated. lgx; can be integrated by
X
: P1 (x) . . .

expressing 0w as the sum of partial fractions of the following type:
| Pt - AL B

(x—a)(x—b) x—a x-b

px+q A B

2 = + 2
(x—a) x—a (x—a)
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pxlHgx+r A B C
3. = A A
(x—a) (x=b)(x—oc) xX—a x—-b x—c
2
4 px +2qx+r _ A n B - C
" (x—a)  (x=b) x—a (x—a)° x-b
S px’+gxtr _ A Bx+C
© (x—a) (P +bx+c) T x—a P4bxtc

where x?> + bx + ¢ can not be factorised further.

4 Integration by substitution

A change in the variable of integration often reduces an integral to one of the
fundamental integrals. The method in which we change the variable to some
other variable is called the method of substitution. When the integrand involves
some trigonometric functions, we use some well known identities to find the
integrals. Using substitution technique, we obtain the following standard
integrals.

) J'tanxdx:log|secx|+C (i) J'cotxdleog|sinx|+C
(iit) J'secxdx:log|secx+tanx|+C

@iv) J'cosecx dx=log | cosecx —cotx | +C

€ Integrals of some special functions

dx 1 x—a
' =—1Io +C
® J-xz—az 2a ¢ x+a
ilo il +C I —ltan71£+C
2a ¢ a—x (i) Z+a* a a

=sin 1—+C

X+ \].X —a

(iv) j ——log +C (V) J‘\/i
) jﬁ:myﬁ 2 +a’l+C

€ Integration by parts
For given functions fl and fz, we have
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[ /1) fo () dx = fi(x) jfz(x)dx—j[%fl(x)-jjg(x)dx}dx, ie., the

integral of the product of two functions = first function x integral of the
second function — integral of {differential coefficient of the first function x
integral of the second function}. Care must be taken in choosing the first
function and the second function. Obviously, we must take that function as
the second function whose integral is well known to us.

¢ [e'lf )+ (ldx=[e f(x)dr+C

€ Some special types of integrals

2

() J\/xz—az dx=§\/x2—a2 —%log x+Vxl—a® |+ @
2

(i1) J\/x2+a2 dx=§\/x2+a2 +%10g x+Vx* +a’ |[+C

2
(iii) J\/az -x? dngxmz—xz +%sin_l£+c
a

dx or J-
ax* +bx+c \/axz

transformed into standard form by expressing

2 2
ax* + bx +c = c{x2+2x+£}=c{(x+ij +[£_b_2J]
a a 2a a 4a

px+q dx
T orj -
ax® +ox+c Jax? +bx+c

d.

X
can be
+bx+c

(iv) Integrals of the types I

px+q dx

(v) Integrals of the types _[ can be

transformed into standard form by expressing

px+q:Adi(ax2 +bx+c)+B=A (2ax+b)+ B, where A and B are
X

determined by comparing coefficients on both sides.

@ We have defined J' ’ f(x) dx as the area of the region bounded by the curve

v =f(x), a < x < b, the x-axis and the ordinates x = @ and x = b. Let x be a
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given point in [a, b]. Then J-: f(x) dx represents the Area function A (x).

This concept of area function leads to the Fundamental Theorems of Integral
Calculus.
First fundamental theorem of integral calculus

Let the area function be defined by A(x) = J.; f(x)dx for all x > a, where

the function f'is assumed to be continuous on [a, b]. Then A’ (x) = f(x) for all
x € [a, b].

Second fundamental theorem of integral calculus

Let fbe a continuous function of x defined on the closed interval [a, b] and

. d . :
let F be another function such that o F(x)= f(x) for all x in the domain of

b b
£, then j f(x) dx=[F(x)+C]’ =F(b)~F(a).

This is called the definite integral of f over the range [a, b], where a and b
are called the limits of integration, a being the lower limit and b the
upper limit.

)
0.0
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